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The lecture

Content of the lecture:

1. Neural Network: Forward Pass
This section is a reminder of the previous course. We will unroll neural networks from input
space to the prediction or logits, computing the functions is called the froward pass. We

will also define the calculus graph use in deep-learning algorithm

2. Reminder of training algorithm

In this part we will present the gradient descent algorithm

3. The backpropagation algorithm
In the section we will explain how the gradient can be processed. Thanks to the calculus
graph we can visit this graph to process the gradient by part. We will present both

mathematical approach and language oriented approach.

4. Optimisation approaches (reported to next week)
This last part is dedicated to the optimisation of non-convex function. We will present

the different gradient-descent alternatives.



Neural Network: Forward Pass
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Notation reminder

e x: input features
e z(): hidden representation
e 0: output logits

e O= {A(l), b, AR pR AL, b(L)}: parameters

e o): non-linear activation




Muti-layer perceptron and Feed-forward Neural Network (1/2)

Feed-forward Neural Network

We show that a neural networks is a complex parametrized function fg.

fo: X =)

x+ (ge, © ... 8o, ©go,)(x)
Those architectures are also called feed-forward Neural Network

MLP (Multi-Layer Perceptron):

— The i" hidden representation is the output of (ge, 0 go,_, © ... 0 ge,)(x)
— The function ge, is defined by:

go,: R — R"
2Dy o (ADT LD 4 0y
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Lets unroll a 3 hidden layer perceptron
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Muti-layer perceptron and Feed-forward Neural Network (2/2)

Lets unroll a 3 hidden layer perceptron
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Muti-layer perceptron and Feed-forward Neural Network (2/2)

Lets unroll a 3 hidden layer perceptron
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Muti-layer perceptron and Feed-forward Neural Network (2/2)

Lets unroll a 3 hidden layer perceptron

Intermediate layers/hidden representations

Input/features
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Muti-layer perceptron and Feed-forward Neural Network (2/2)

Lets unroll a 3 hidden layer perceptron

Intermediate layers/hidden representations

Input/features Output/logits
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21 = g(AWTg 4 p(1) 23 = 5 (ABT(2) 4 )
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Feed-forward Neural Network: blocks and modules

We can decompose the calculus of the output into several blocks

— In programmation we call it a module (pytorch as a class nn.Module)
— Computing sequentially the output is called the forward pass (each
module implement a forward method: my_module.forward(x))

Intermediate layers/hidden representations

Input/features O Output/logits

~>- [ nn.Module |~

ge,

© O O

© O OO
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Feed-forward Neural Network: the graph

Calculus graph

A Feed forward algorithm can seen as a graph where node is function:

e A node can be the function ge,
® go, can be decomposed into two function g, = o o lg;
e A node for lg, (linear function)
lo,: RM=t — R™
x 5 ADTx 4 ()
e A node for o (activation function) A Applied piecewise

o: R" — R"

x = o(x)



Gradient Descent
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The gradient descent algorithm: Vanilla GD

Stochastic Gradient Descent (GD):
Update the weight according to the gradient of all examples

Let fo be the neural network

1. Apply f on each data i.e o) = fo(x)

2. Update weights ©¢11 = ©: — AWVorst—r Y L(o,y1)
T (x00,y ) € Dy
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Stochastic Gradient Descent (SGD):

Update the weight according to the gradient of
one randomly sampled example

Let fo be the neural network

1. Sample (x,y) from Dynin

2. Apply f on sampled data i.e o = fg(x)

3. Update weights ©:11 = O — AVeL(o,y)




The gradient descent algorithm: SGD

Stochastic Gradient Descent (SGD): Algorithm 6 SGD

Update the weight according to the gradient of

Require: f,0,D,\
one randomly sampled example

for i=1 to E do

Let fo be the neural network (x,y) ~D
loss + L(fo(x),y)
1. Sample (x,y) from Dirain © + ©—-AVeL(fo(x),y)

2. Apply f on sampled data i.e o = fg(x) Enchion

3. Update weights ©:11 = O — AVeL(o,y)
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Stochastic Gradient Descent (SGD): Algorithm 8 SGD

Update the weight according to the gradient of R £ G050

one randomly sampled example for i=1 to E do

Let fo be the neural network (x,y) ~D
loss + L(fo(x),y)
1. Sample (x,y) from Dirain © + ©—-AVeL(fo(x),y)

2. Apply f on sampled data i.e o = fg(x) Enchion

3. Update weights ©:11 = O — AVeL(o,y)
In practice

e See all the dataset (many times)

e One turn (all dataset) is called an epoch




The gradient descent algorithm: SGD

Stochastic Gradient Descent (SGD): Algorithm 9 SGD

Update the weight according to the gradient of R £ G050

one randomly sampled example for i=1 to E do

Let fo be the neural network (x,y) ~D
loss + L(fo(x),y)
1. Sample (x,y) from Dirain © + ©—-AVeL(fo(x),y)
end for

2. Apply f on sampled data i.e o = fg(x)

3. Update weights ©:11 = O — AVeL(o,y)
In practice

e See all the dataset (many times)
e One turn (all dataset) is called an epoch

e We stop training when validation accuracy do not increase
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The gradient descent algorithm: Classical Training with SGD

Algorithm 20 Train

Require: 1,0, Dirain, Dyar, A
best_val < —inf
for epoch=1 to E do
T + shuffle(Dyain)
for (x,y) € T do
loss < L(fo(x),y)
© + © — AVoL(fo(x),y)
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Algorithm 22 Train
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Algorithm 24 Train

Require: 1,0, Dirain, Dyar, A
best_val <« —inf
for epoch=1 to E do
T <« shuffle(Dirain)
for (x,y) € T do
loss < L(fo(x),y)
O + © — A\VeL(fo(x),y)
end for
dev_acc < Evaluate(f,D,al)
if dev_acx > best_val then




The gradient descent algorithm: Classical Training with SGD

Algorithm 26 Train

Require: 1,0, Dirain, Dyar, A
best_val <« —inf
for epoch=1 to E do
T <« shuffle(Dirain)
for (x,y) € T do
loss < L(fo(x),y)
O + © — A\VeL(fo(x),y)
end for
dev_acc < Evaluate(f,D,al)
if dev_acx > best_val then
6«0
dev_acx < best_val
end if
end for



The gradient descent algorithm:

Classical Training with SGD

Algorithm 28 Train

Algorithm 29 Evaluate
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The gradient descent algorithm:

Classical Training with SGD

Algorithm 32 Train

Algorithm 33 Evaluate

Require: 1,0, Dirain, Dyar, A
best_val <« —inf
for epoch=1 to E do
T <« shuffle(Dirain)
for (x,y) € T do
loss < L(fo(x),y)
O + © — A\VeL(fo(x),y)
end for
dev_acc < Evaluate(f,D,al)
if dev_acx > best_val then
6«0
dev_acx < best_val
end if
end for
Return ©

Require: f,D,,
accuracy < 0
for (x,y) € Dy, do
y « arg max fo(x),
y

if > y =y then
accuracy < accuracy+1
end if

end for

accuracy

Return Do

—Not only accuracy

—Stop training when no improvment
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Choosing step-size A

Step-size (or learning rate Ir)

111 =0; — AOVeL(0,y) — How to choose A(*)?

Vanilla approach:
Choose a small fixed learning rate (default value in pytorch is A = 1 x 1072)
Simple heuristic:

1. Start with a smal value, e.g. A =1 x 1072

2. If validation accuracy did not improve during last n epochs:

— decrease the learning rate, e.g. A = a.\ with a =1 x 107?

Other heuristic:

e Step decay: multiply A by « € [0, 1] every n epochs
e Exponential decay: Al = \(©) g=ot
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Neural Networks: Optimisation

The gradient descent algorithm:

e Use the direction of the gradient

e Do small update

@t+1 = @t — AVQtE(O,y)

How to find the gradient for each parameters?

Use the back-propagation algorithm!



The backpropagation algorithm
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The backpropagation algorithm (basics)

Derivative of function:
Let be f a function:
f:R—R
x = f(x)

For a given x, how does an infinitesimal change of x impact the output?

= _ = I

dx - e—0

f(x +¢€) — f(x)

ONB: In this chapter we will consider all the function differentiable at least by part



The backpropagation algorithm (basics): chain rule

Derivative of composition (chain rule):
Let be f defined by (composition of function):

f:R—R
x — h(g(x))

Then we can write f/(x) as:




The backpropagation algorithm (basics): chain rule

Derivative of composition (chain rule):

Let be f defined by (composition of function):

f:R—R
x — h(g(x))

Then we can write f/(x) as:

70 = sy, M) i) "
— lim e(x+¢)) — hg(x)) glx +¢) — g(x)
= T gt O — g0 . @
o hlelc o) — higl)
= lim 21920 g'(x) (3)
- tim hlg() + "Z = MECD) 111y with k = g(x + €) — g(x) 4)
— W (g()-g'(x) cause lim k — lim g(x+ ) ~ g(x) = 0 (5)
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The backpropagation algorithm (basics): example (chain rule)

A naive example:

Let be f such that f(x) = (2x +1)?

— What is its derivative '(x)?

Example without the chain rule: Example with the chain rule:

Let g(x) = 2x + 1 and h(x) = x°

f(x) :<(2X 4 ) f'(x) =(hog)(x) = hlglx)) calx)

=(4x" +4x + 1) dg(x) = dx
—8x + 4 =2g(x) x 2

=2(2x+1) x 2

=8x +4
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The backpropagation algorithm: Scalar NN example

Scalar parametrized neural network:

Let a) € R (scalar) and o(x) = x?

We consider the following neural network:

o Z(l) = a(a(l)x)
o & — 0(3(2)2(1))

3),(2)

2

o o:a(




The backpropagation algorithm: Scalar NN example

Scalar parametrized neural network:
Let a) € R (scalar) and o(x) = x?

We consider the following neural network:
o zM = g(aMx)
o & — 0(3(2)2(1))

e 0=2a%72

and the loss function £(o,y) = (0 — y)?
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Scalar parametrized neural network: Gradient Descent:
Let a) e R (scalar) and o(x) = x° For one example in the dataset
We consider the following neural network: ©r11 = O — A\Ve,L(0,y)

o zM = (aMx) More precisely,

o & — 0(3(2)2(1)) o Lttt _ S _ 3 dL(oy)

da(l:t)

@t+1) _ 420 _ )\dj((f,)y)
a2t

e 0=2a%72

® a

and the loss function £(o,y) = (0 — y)?




The backpropagation algorithm: Scalar NN example

Scalar parametrized neural network: Gradient Descent:
Let a) e R (scalar) and o(x) = x° For one example in the dataset
We consider the following neural network: ©r11 = O — A\Ve,L(0,y)
o zM = (aMx) More precisely,
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The backpropagation algorithm: Scalar NN example

Scalar parametrized neural network:

Let a) € R (scalar) and o(x) = x?

We consider the following neural network:

° Z(l) = U(a(l)X)
o 20 = 5200

3),(2)

L[] o:a( Z(

and the loss function £(o,y) = (0 — y)?

What is the gradient for all parameters i.e.

Gradient Descent:

For one example in the dataset
@H-l = @t — )\V@tﬁ(o,y)
More precisely,

(L,t+1) _ _(1,6) _ y dL(o,y)
e 2 =¥ A= goms

o 2t+l) — ,(28) _ )\di((;«,t)y)

o 3t+D) — 43,8 _ Adi((z,t))/)

dL(o,y) dL(o,y) dL(o,y)>
da®t > da®t s T daln -
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The backpropagation algorithm: Scalar NN example

Let start with %

dL(o,y) o dL(o,y) % do
da® - do da®
dL(o.y) _ d(o—y)? da®z®
) = do R dal®)
. d
Let us derivate ELSZ’Y)
dL(o.y) d(o—y)
do - do
_ du? d(o—y)
- du X do

= 2u X 1
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Let start with

Let us derivate
dL(o,y)

do

dL(o,y)
da®)
dL(o,y)
da®
dL(o.y)
da®
dL(o.y)
do
d(o—y)*
do
duv?
du A
2u X

200—y) X

d(o—y)
do

dL(o,y) % do
do da®
dlo—y?  ,  da¥z®
do da®

Let us first derivate %
a’




The backpropagation algorithm: Scalar NN example

Let start with %

Let us derivate
dL(o,y)

do

dL(o,y)
da®
dL(o,y)
da®
dL(o.y)
do
d(o—y)?
do
du?
du A
2u X
200—y) X

d(o—y)
do

We finally obtain:

dL(o,y) % do
do da®

d(o_y)2 % da®z
do da®

Let us first derivate %
a’

da® 2z _ 2
da(® Z( )

dL(oy) _ 2(0 — y) x 22

da®
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da® - dz®

dz®?®
da®@
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Let us find — £l

da®
dL(o.y) _ dL(o,y) dz®
da@ - dz) X FRE)
dL(oy) _  dL(oy) da® 2@

da®

da® - dz®




The backpropagation algorithm: Scalar NN example

Let us find — £l

da?
df(oy)  _  dL(oy) dz®
da® = dz0) X da®
dL(oy) _  dL(oy) da® 2@
da®® - dz?) X da@
dL(o,y)

Let us derivate =75




The backpropagation algorithm: Scalar NN example

Let us find — £l

da?
dL(o.y) _ dL(o,y) dz®
da® = dz0) X da®
dL(oy) _  dL(oy) da® 2@
da(® - dz® X da@
. dc
Let us derivate d(f’z’)y)
Z
dloy) _  dly) o do

do do az®




The backpropagation algorithm: Scalar NN example

Let us find — £l

da?
dL(o.y) _ dL(o,y) dz®
da@ - dz) X FRE)
dL(oy) _  dL(oy) da® 2@
da® - dz®? X da@
. dL
Let us derivate d(f’z’)y)
Z
dL(o,y) —  dLloy) X do
do - do dz®

dL(o,y) % da® 2@

do dz(




The backpropagation algorithm: Scalar NN example

Let us find — £l

da®
dL(o,y) . dL(o,y) dz®?
dal) = 20 S da®
dL(o,y) dL(o,y) da®z)
pEe) = pEe) X FEe)
. dL
Let us derivate d(f’zgy)
Z
dL(oy) _  dL(oy) « do
do - do dz®
o dL(o,y) % da® 2
- do dz(?)
dL(o,y) 3

5 X a




The backpropagation algorithm: Scalar NN example

Let us find — £l

da®
dL(oy) _  dL(oy) dz®
da® - dz(2) X da?
dL(o,y) dL(o,y) da®2z®)
da® - dz? X da®
) A . . @
Let us derivate dif’zgy) Let us first derivate the %
dL(o,y) _ dL(o,y) % _do_
do - do dz)
. dL(o,y) % da® 2z
- do dz®?
_ dL(o,y) 3
- do X 2




The backpropagation algorithm: Scalar NN example

Let us find — £l

da®
dL(o,y) _ dL(o,y) dz®
da - dz?) X da®
dL(o,y) dL(o,y) dat? 2
da® - dz? X da®
i dr 0 0 (2)
Let us derivate dif’zgy) Let us first derivate the %
doy) _  dLey) o do oGP | s
do - do dz(® da® - du da®
_ dL(o,y) da®z®? — (1)
- do X dz(2) - 2u X z
dL(o,
= ffg 1 x a = 22220 «x M

We finally obtain:




The backpropagation algorithm: Scalar NN example

Let us find — £l

da®
dL(o,y) _ dL(o,y) dz®
da - dz?) X da®
dL(o,y) dL(o,y) dat? 2
da® - dz? X da®
i dr 0 0 (2)
Let us derivate dif’zgy) Let us first derivate the %
doy) _  dLey) o do oGP | s
do - do dz(® da® - du da®
_ dL(o,y) da®z®? — (1)
- do X dz(2) - 2u X z
dL(o,
= ffg 1 x a = 22220 «x M

We finally obtain:

dL(o,y) dL(o,y) y do y dz?

da(® do dz(® " da®
=2(o—y) X a® x 2223 x ;O




The backpropagation algorithm: Scalar NN example

Let us find — )

da(®)




The backpropagation algorithm: Scalar NN example

Let us find — 2£lov)

dL(o,y) dL(o,y)

da(®) - dz()

dz®?
da®




The backpropagation algorithm: Scalar NN example

Let us find — £l

da(®)
dL(oy) _  dL(oy) dz?
da® = a0 X da®
dL(o,y) dL(o,y) da®® 2z

da()

da® = dz




The backpropagation algorithm: Scalar NN example

Let us find — £l

da(®)
dL(oy) _  dL(oy) dz?
da® = a0 X da®
dL(o,y) _ dL(o,y) da® 2z
da® = dz0) X dalV
dL(o,y)

Let us derivate =5




The backpropagation algorithm: Scalar NN example

Let us find — £l

da(®)
dfoy)  _  dL(oy) dz?
da® = a0 X da®
dL(o,y) _ dL(o,y) da®® 2z
da® = FEQ) S da®
. dc
Let us derivate d(f’l;y)
Z
df(oy)  _  dLlowy) do

dz™M)

do dz®




The backpropagation algorithm: Scalar NN example

Let us find — £l

da(®)
dL(o,y) dL(o,y) dz?
da® = a2 R da®
dL(o,y) _ dL(o,y) da® 2z
da® = FEQ) S da®
- dc
Let us derivate d(f’l;y)
Z
dL(oy) _  dL(oy) « do
do = dz0 FEol
_ dL(o,y) da®z™

dz( dz(M)




The backpropagation algorithm: Scalar NN example

Let us find — £l

da(®)
dL(o.y) dL(o,y) dz?®
da® = a2 R da®
dL(o,y) _ dL(o,y) da® 2z
da® = FEQ) S da®
- dc
Let us derivate d(f’l;y)
Z
dL(oy) _  dL(oy) « do
do = dz0 FEol
_ dL(o,y) da®z™
- dz(2) X dz()
_ dL(oy) )
= =5 X a




The backpropagation algorithm: Scalar NN example

Let us find — £l

da(®)
dL(o,y) dL(o.y) dz®
da® - dz( X da®
dL(o,y) _ dL(o,y) da®z(M)
da® - dz(@) S da®
) A . . o
Let us derivate dif’l;y) Let us first derivate the 9
dl(oy) _  dL(oy) « _do_
do = dz® dz
_ dL(o,y) da® 2z
- dz(2) X dz()
_ dL(oy) )
= e X2




The backpropagation algorithm: Scalar NN example

Let us find — £l

da(®)
dL(o,y) _ dL(o.y) dz®
da® - dz( X da®
dL(o,y) _ dL(o,y) dal® 2"
da® - dz(@) S da®
, d£(o, 3 g G
Let us derivate dif’ny) Let us first derivate the 9
dLoy) _  dLley) do_ do(aVx)  _  dou D
do = dz® dz® da® - du dal?
o dL(o,y) da® 2z —
= dz0) X dz() - 2 . X
dL (o,
B G = 20,0

We finally obtain:




The backpropagation algorithm: Scalar NN example

Let us find — 2£lov)

dfoy)  _  dL(oy) dz?
da® = a2 R da®
dL(o,y) _ dL(o,y) da®z™)
da® = FEQ) S da®
. dr . . )
Let us derivate % Let us first derivate the 9
dL(o,y) _ dL(o,y) % do do(aWx) _ dou daVx
do - dz() dz(M) da® - du da()
_ dL(o.y) da®2z® _
— dz(2) X dzm = 2u X X
dL(o,y 2 1 1
= di(Q) ) x a® = 2a00 X

We finally obtain:

dl(o,y) dL(o,y) y dz?®  dz®

da® @ dz® X dal
dl(o,y) do  dz®  dzM
= X X X
do dz(2) dz(l) da(l)
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Node 1 Node 2 Node 3
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Computational graph

How did we proceed?

FORWARD
Node 1 Node 2 Node 3
e N oy A
20 = o(aWg) z(l) 2® = (o) Z(z)
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FORWARD
Node 1 Node 2 Node 3
e N oy [ h
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Computational graph

How did we proceed?

FORWARD
Node 1 Node 2 Node 3
e N oy [ h
2 = U‘(ll(l)l‘) Z(l) 22 = a(a(2>z(1)) Z(Z) 0=a®,?




Computational graph

How did we proceed?

FORWARD
Node 1 Node 2 Node 3
)
A 2 = g(aWa) zm 2@ = () Z(Z) 0= a® 5@




Computational graph

How did we proceed?

FORWARD
Node 1 Node 2 Node 3
)
iy 20 =g(aMa) Z(1> 23 = g(a®2M) Z(z) 0=a®,®
"""""""""""""""""" ‘&
dL(o y)
>
- - -

BACKWARD



Computational graph

How did we proceed?

FORWARD
Node 2

2O = (@)

(0]
Gradient Parameters \
9L(0,y)

dL(0,y) do |«
® = 00 *aa® (0L Y)

do
Gradient Input /

-
0L(o.y) _ L(oy) Do
PEC REC)

BACKWARD




Computational graph

How did we proceed?

FORWARD
Node 2

2O = (@)

(0]
Gradient Parameters \
9L(0,y)

= dLloy) b0 OL(0 1
) _ oL 5 | y)
ﬁ((). U) a3 do da®)

d do
2(2) Gradient Input /

-
0L(o.y) _ L(oy) Do
PEC REC)

BACKWARD




Computational graph

How did we proceed?

FORWARD
Node 2

2) _

2 @),y

Gradient Parameters
0L(oy)  OLloy) 9z
90 922 da?

Gradient Input

0L(o.y) _ 9L(oy)

D21 022

BACKWARD

Gradient Parameters

L(oy) _

dL(0,y) « do
da® do

a3

Gradient Input

9L(oy) _ 9£(oy) | 0
9.2~ 9o

092(2)

5

dL(o y)

>




Computational graph

How did we proceed?

FORWARD
Node 1 Node 2 Node 3
1 5
iy L = o(a“)z) Z( ) 2(2) = U(a(z)z“)) Z(z) 0=a®,®
"""""""""""""""""" ~ (0]
Gradient Parameters Gradient Parameters \
L(oy) OL(o,y) 02 9L(o.y) _9Llow) 0 |5p
’ 2®  0:® ~ 9a® 3 = as 5w |0£00 Y)
d{r(o-‘u) E(U_- Y) 90
0z(1) Gradient Input 22 Gradient Input /
0L(o,y) OLloy) _ 9:® [ AL(oy)  L(o,y) _ o 1
2:0  0:0 < 90 920 9o 0@
-
BACKWARD



Computational graph

How did we proceed?

Node 1 Node 2
1
= 20 = o(aWz) Z( ) 2@ =g (a® V)
[ [ ——— 0
Gradient Parameters Gradient Parameters Gradient Parameters \
0L(o,y) _ OL(o,y) _ 021 0L(o,y) _ OL(oy) _ 02 0L(o,y) OL(oy) _ do |
2V = 920 % ga OL(0,y)| 0@ T @ X Pa® Lloy)| 0@ ~ o " Pa® W
0z(1) Gradient Input 22 Gradient Input /
= -
0L(o,y) OL(oy) 92 9L(oy) _ 9£(oy) | 0
2:0 9.0 X 9z 92 do 02@

BACKWARD




Computational graph: Automatically compute the gradient

Computational graph:

e At forward create the graph
e Each operation consist of a node:

e For each operation (in forward) retain input
e For each operation (in forward), retain the gradient function

e In backward return to the previous operation gradient of error/loss and
the input stored

What unit operation?

e Larger = optimization possible for backward pass (factorization of the
function)

e Smaller = less operations to implement

— ldeally both




Computational graph: How to implement?

FORWARD

function \

BACKWARD /

function

The Nodes:

e Each node must contains information on the graph

e A pointer on the gradient function (backward function)
e The previous nodes (In our case node 1 and 2)

e [ts gradient
e These information are added in the forward function

e In the backward step the node call the backward function with previous

nodes and gradient




Differentiation with vector inputs

With vector input
Let f: R™ — R be a function and x € R™,y € R be variables such that :

y = f(x)
Partial derivative Gradient
For a given x, how an infinitesimal For a given x, how does an infinitesimal
change of x; impact y? change of x impact y?
dy
; 9y
Ox; oL
Oy
)
Ve =| 7
9y




Differentiation with vector inputs (example)

Example with scalar product

Let x € R? and a € R® be vectors and f : R — R such that:

8
f(X) S ZX{Q,‘ = x1a1 + xob2 + x3b3

i=1

Partial derivative

What is 2007




Differentiation with vector inputs (example)

Example with scalar product

Let x € R? and a € R® be vectors and f : R — R such that:

8
f(X) S ZX{Q,‘ = x1a1 + xob2 + x3b3

i=1

Partial derivative
What is 27
Ox;

9 (x)

= &f

Ox;




Differentiation with vector inputs (example)

Example with scalar product
Let x € R? and a € R® be vectors and f : R — R such that:
3

f(X) S ZX{Q,‘ = x1a1 + xob2 + x3b3

i=1

Partial derivative Gradient

What is 26097 What is Vf(x)?

9 (x)

= &f

Ox;




Differentiation with vector inputs (example)

Example with scalar product
Let x € R? and a € R® be vectors and f : R — R such that:

8
f(X) S ZX{Q,‘ = x1a1 + xob2 + x3b3

i=1

Partial derivative Gradient
What is 26097 What is Vf(x)?
Of (x) . ]
aX,‘ 1

Vif(x) = | a

as




Differentiation with vector inputs (example 2 linear function)

Let consider A€ R"*™ and x € R" :
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Let consider A€ R"*™ and x € R" :

a1l ai2 9005 ai,m X1

a1 a2 coo a2 m X2

A= . ] _ ] = ] (6)

dn,1 dn2 cee dn,m Xm




Differentiation with vector inputs (example 2 linear function)

Let consider A€ R"*™ and x € R" :

a1 a2 ai,m X1
a1 a2 coo a2 m X2

A= , X = (6)
dn,1 dn2 cee dn,m Xm

The matrix A is weights of a linear function




Differentiation with vector inputs (example 2 linear function)

Let consider A€ R"*™ and x € R" :

a1 a2 ai,m X1

a1 a2 a,m X2
A= 5 K=

dn,1 dn2 cee dn,m Xm

The matrix A is weights of a linear function

Let z; be the jt™ output of the
linear function:

m
=)
k=1

(6)




Differentiation with vector inputs (example 2 linear function)

Let consider A€ R"*™ and x € R" :

a1l ai2 9005 ai,m X1
a1 a2 coo a2 m X2

A= ) K= (6)
dn,1 dn2 cee dn,m Xm

The matrix A is weights of a linear function

Let z; be the jth output of the aiax1 + aioxe + -+ anmXm
linear function:

m
Zj = E 8j,kXk
k=1

a,1X1 + az2x2 + -+ a2,mXm

an1X1 + an2x2 + ...+ an,mXm




Differentiation with vector inputs (example 2 linear function)

Gradient w

The partial derivative d(Ax) for j*
component according to the i input is

given by:




Differentiation with vector inputs (example 2 linear function)

Gradient w
The partial derivative 9(Ax) for j*
component according to the i input is

given by:

a3 a
o(AX); _ U

= aji

aX,‘ 6X,‘




Differentiation with vector inputs (example 2 linear function)

Gradient ( ; d(AX)
The partial der|vat|ve 9(Ax) forJ Gradient
: The part|a| denvatwe Ax according to
component according to the i input is
given by: the j® input is given by:
5
8 aj kXk
8(AX)J' _ k=1 /

= aji

aX,‘ aX,‘




Differentiation with vector inputs (example 2 linear function)

x);

Gradient (
The partial der|vat|ve 9(Ax) forJ
component according to the i input is
given by:
5
8 aj kXk
8(AX)J' o k=1 / _
= = aj,i

Ox;

Ox;

Gradient d(AX)

The part|a| denvatwe Ax according to
the j® input is given by:

0Ax z
Ox; - J; ax, Z i




Differentiation with vector inputs (example 2 linear function)

Gradient ( ; d(AX)
The partial der|vat|ve 9(Ax) forJ Gradient
: The part|a| denvatwe Ax according to

component according to the i input is
given by: the j® input is given by:

m 8Ax 2

0> aj kX =
8(AX)J - kgl j,k Xk L aX{ J:Z]. (9X: Z %
oxi Oxi B

The gradient according to inputs features

Consequently the vector according to the inputs is given by:




Differentiation with vector inputs (example 2 linear function)

Gradient ( ; d(AX)
The partial der|vat|ve 9(Ax) forJ Gradient
: The part|a| denvatwe Ax according to

component according to the i input is
given by: the j® input is given by:

m 8Ax 2

0> aj kX =
8(AX)J - kgl j,k Xk L aX{ J:Z]. (9X: Z %
oxi Oxi B

The gradient according to inputs features

Consequently the vector according to the inputs is given by:

ViAx = 1:1. (7




Differentiation with vector inputs : Composition (chain rule)

Chain rule

Let h: R™ — R” and g : R” — R be two functions and x e R",z e R",y € R
be variables such that :

y = hog(x)




Differentiation with vector inputs : Composition (chain rule)

Chain rule

Let h: R™ — R” and g : R” — R be two functions and x e R",z e R",y € R
be variables such that :

y = hog(x) z=g(x)
y = h(z)

For a given x, how an infinitesimal change of x; impact y?




Differentiation with vector inputs : Composition (chain rule)

Chain rule

Let h: R™ — R” and g : R” — R be two functions and x e R",z e R",y € R
be variables such that :

y = hog(x) z=g(x)
y = h(z)

For a given x, how an infinitesimal change of x; impact y?

dy 0z;
3x, Z 0z Ox;




Differentiation with vector inputs : Composition (example 3)

Let h:R" x R¥ and g : R™ x R” be two functions such that g(x) = Ax and
AeR™™M

The gradient dh(g(x)) according to the j™ input is given by:

oh(g(x)) Oh(z) 9z 8h(z)
[0)%, Z 0z; "Ox; Z 0z; i

With z = Ax




Differentiation with vector inputs : Composition (example 3)

The gradient according to inputs features

Consequently the vector according to the inputs is given by:

n n
Oh(z) 9z dh(z) .
E 9z "o Z 9z 91
j=1 j=1
n n
9h(z) 0z Oh(z) .
2 dz; " Ox, ; 9z -dj,2
ViAx = | /= = | /= (8)
i oh(z) Oz T\ 9h(z) o
= 97 O =S




Jacobian notation

The Jacobian Matrix

Let f be a function f : R™ — R"” where its first-order derivative exists on R".
Then the jacobian matrice denoted by Jcy € R"*"™ whose entry Jy; ;) is
defined by %:




Jacobian notation

The Jacobian Matrix

Let f be a function f : R™ — R"” where its first-order derivative exists on R".
Then the jacobian matrice denoted by Jcy € R"*"™ whose entry Jy; ;) is
defined by %:

o on Oy,

Ox, Ixz T &

9y, Oy, 3y,

Ix; 0%, c Oxpm
Jy =

OYn  O¥n OYn

Oxy O, o &y




Jacobian notation and chain rule

Let h: R™ — R" and g : R” — R be two functions and
x €R™, z € R" y € R be variables such that :

y = hog(x) 2= &)




Jacobian notation and chain rule

Let h: R™ — R" and g : R” — R be two functions and
x €R™, z € R" y € R be variables such that :

y = hog(x) z=8(x)
y = h(z)
Partial notation' Jacobian notation:
Z ay 821 ny = JXZT.VZ_)/
aX, azj 8)(1

8z 0z 0z, Oy

Ox, Ix, e Ox, Oz,

8z 0z 9z, Oy

ny _ JXZT.VZ}/ _ Oxa [ e Oxa ) 0z,

0z 0z 0z, Oy

OXm OXm e OXm Oz,




Jacobian notation and chain rule: Exemple 4

Let h:R" x R¥ and g : R™ x R" be two functions such that z = g(x) = Ax
and A e R™™,




Jacobian notation and chain rule: Exemple 4

Let h:R" x R¥ and g : R™ x R" be two functions such that z = g(x) = Ax

and A € R"™*™,

Vihog(x) = Jz".Vh(z)

ai,m

a1

a2

az2.m

Oh(z)
0z,
Oh(z)
0z,

Oh(z)

0z,




The Linear Function: gradient V4

Let £: (R*,R*) — R and g : R™ x R” be two functions such that
z=g(x) = Ax and A€ R™"

AL(f(z) L OL(f(2),y) Oz

Oaj k = 0z; "0aj k




The Linear Function: gradient V4

Let £: (R*,R*) — R and g : R™ x R” be two functions such that
z=g(x) = Ax and A€ R™"

AL(f(z) L OL(f(2),y) Oz

Oaj k = 0z; "0aj k

m
. 93 aixi
9z =
Oaj k aik

OA; k 0 else

0z; _{xkifi:j




The Linear Function: gradient V4

Let £: (R*,R*) — R and g : R™ x R” be two functions such that
z=g(x) = Ax and A€ R™"

n
IL(f(2) OL(f(z),y) 0z
Oaj k = 0z; "0aj k
m oL oL aL
8 8 E ai’/X/ TZI.Xl TZI'XQ . 02
GRS N oL . oL . L
. . . i
aai,k ai k VAl = 0z, 0z 0z =V, L.xT
. oL oL oL
9z Xk if i = 9z, 1 9z, -+ Bz, Xm
8A,- k - 0 el
. else
(Outer product)




Backward Pass With Jacobian for f(AxT) ?

Let g be

g: R™" 5 R"

Az

Notice that the x; are the parameters in this configuration

ai
a2 aiix1 +  aiexe ... +  aimXm =21
am | | aixa 4+ apxe ... + @ mXm=22
a1

anix1 +  an2Xe ... +  anmXm = Zn
an,m

What form has the jacobian JazT ?




Backward Pass With Jacobian for f(AxT) ?

What form has the jacobian JazT ?

9z 97 9z 0z 9z

6351,1 8331,2 e 8381,m 8332.’1 6352,2

8z 9z 9z 9z 9z

JAZ - 8351)1 6a3172 e aaa1,m 8a2271 6::1@2,2
Oz &z Oz Oz 9z

8351,1 ‘9331,2 T 8331,m 0322,1 9az ,

0z
da by

0z,
Baa", ™

&z
daan,m




Backward Pass With Jacobian for f(AxT) ?

What form has the jacobian JazT ?

9z 92, 9z,
2., ?a ot .
31,1 21,1 31,1 X 0 0
9z 8z, 8z, ! Y
a,, 0a,,, 0, , xx 0 0 0
Oz _Bp
9o, Do, xm 0 0 0
Oz Oz,
"= | oy e, =[0 x« 0 Y
92 92, 9z, 0 xn O ... 0
Ba,,  Oa,. T Ba,
9z 9z, 9z, 0 0 0 ... xn




Backward Pass With Jacobian for f(AxT) ?

What form has the jacobian JazT ?

x 0 0 0
xx 0 0 0

oL

Xm 0 0 0 e

0 x O 0 C2

"V, L = 1 B

oL

0 X» O 0 o,
0 0 o0 Xm

a
Xm 5z,

Xm 3,

— line 1

— line 1

5= — linel

— line 2

— line 2

== — linen




Forward and backward pass, general formula

Forward pass

21 = fo,(x)




Forward and backward pass, general formula

Forward pass

21 = fo, (x)

-2 — fez(z(l))




Forward and backward pass, general formula

Forward pass

21 = fo, (x)




Forward and backward pass, general formula

Forward pass

21 = fo, (x)

+

-2 — fez(z(l))
+

-3 — f@3(2(2))
b

H6) — f64(2(3))




Forward and backward pass, general formula

Forward pass

z0 = fo,(x)
+

-2 — fez(z(l))
d

-3 — f@3(2(2))
d

H6) — f64(2(3))
+




Forward and backward pass, general formula

Forward pass Backward pass

. :ifel (x) T+ Vewy = JowzT.V,ay
e 192(2(1)) Vooy = Loz?T.V,0y 0 Veoy = Jonz™T.V,ay
. ie3(2(2)) Vyoy = Loz®T.V,0y 0 Vewy = Jooz¥T.V, 0y
e ie"(z(a)) V.oy = Joz®T.V,uy 0 Vouy = Jowz"T.Vwy
@ = fo,(z2¥) Voy Voo y



Neural Network architectures : Activation function review

Rectified Linear Unit (RELU):

x ifx >0
o(x) =
0 ifx <0

Derivative of the Rectified Linear Unit:

!
U(X)—{O

ifx >0
ifx <0

— RelU




Neural Network architectures : Activation function review

Exponential Linear Unit (ELU) :

O_(X):{x ifx >0

e“—1 ifx <0

Derivative:

— EW

ifx >0
ifx <0



Neural Networks : TanH activation function

Hyperbolic tangent (TanH):

o:R—]—1,1]
e —e”
eX 4 e

X

X —

Derivative of the Hyperbolic Tangent :

Let u(x) =e*—e X and v(x) ="+ e~
Hence:

o U(x)=e"+e=v(x)

o V(x)=¢€"—e = u(x)

What is o’(x)




Neural Networks : TanH activation function

Hyperbolic tangent (TanH):

o:R—]—1,1]
e —e”
eX 4 e

X

X —

Derivative of the Hyperbolic Tangent :

Let u(x) =e*—e X and v(x) ="+ e~
Hence:
o U(x)=e"+e=v(x)

o V(x)=¢€"—e = u(x)

What is o’(x)

u'(x)v(x) — u(x)v'(x)
v(x)?

v(x)v(x) — u(x)u(x)
v(x)?

v(x)? _ u(x)?

v(x)?  v(x)?

1-o(x)




Neural Networks: Sigmoid activation function

1.0 — sigmoid
Sigmoid activation (logistic function): 0
0.6

0.4

1+ex 02

0.0

Derivative of the sigmoid function :

Let u(x) =14e*
e o(x)=1
o U(x)=—e

What is o’(x)



Neural Networks: Sigmoid activation function

Sigmoid activation (logistic function):

c:R—]—1,1]

—
x 1+ex

Derivative of the sigmoid function :

Let u(x) =14e*
e o(x)=1

o U(x)=—e

What is o’(x)

0.8

0.6

0.4

0.2

0.0

—— Ssigmoid




Back to Computational Graph

ComputationalGraphNode

e Value ParameterNode

A ComputationalGraphNode !!
e Graadient

e Backward computation operations o Persistent values (weights)

e Pointers to previous nodes




Back to Computational Graph

We know gow to decompose gradient using gradient of next Computation
Graph Node Let consider the operation :

Zi+1 — Azi
with Z is a ComputationGraphNode !!!

Function Linear Forward pass

inputs : node z() and node A

e Create the node zU*Y = ComputationGraphNode()

o Compute forward value z'*V value = A(z\").value)

e Store previous nodes z(i+1).input,nodes = A, z(

(i+1)

e Store backward function z .grad_operation = linear_gradient

Return : node z(tY)



Back to Computational Graph

We know gow to decompose gradient using gradient of next Computation
Graph Node Let consider the operation :

Zi+1 _ Azi
with 2/ is a ComputationGraphNode !!!

Function Linear Backward pass

inputs : node zU*Y and V, oy L

e Store and compute input gradient :

VAL, V0L + 29 grad_operation(z"™) .input_nodes, V i1 L)

e Call backward(z'*V.A, VL) and backward (21 z() v i, )



Next session

Next session

e Optimization and regularisation methods (short lecture)
e Getting started with numpy (lab exercise)

e Implement neural network with numpy (lab exercise)

e Implement graph differentation library (lab exercise)
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